Future power grids will offer enhanced controllability due to the increased availability of power flow control units (FACTS). As the installation of control units in the grid is an expensive investment, we are interested in using few controllers to achieve high controllability. In particular, two questions arise: How many flow control buses are necessary to obtain best possible power flows? And if fewer flow control buses are available, what can we achieve with them?
INTRODUCTION
The central task of any electrical power infrastructure is the reliable and cost-efficient supply of electrical energy to industry and population on a national or even continental scale. Future power grids and their usage are subject to fundamental changes due to the shift towards renewable distributed energy production and the installation of new power flow control units, which offer increased control, but make the grid operation more demanding. Not only do these changes lead to a much larger number of independent power producers (IPP), which are highly distributed in the network, but they also cause very different patterns of energy flow. For example, regions with off-shore wind farms may sometimes produce enough energy to supply remote consumers, but at other times they are consumers themselves. In particular, this may require long-distance energy transmission and frequent flow direction changes. Most of the existing power grids, however, were not designed for such transmission patterns. The current strategy to cope with these changes is to either extend the grid with additional transmission lines, or to install advanced control units to facilitate better utilization of the existing infrastructure.
We consider the latter option and study the effects of making selected buses of a power grid controllable. We investigate both the minimum number of controllable buses needed for achieving maximum flow control and the effect of a fixed number of controlled buses on the operation costs and the existence of feasible power flows at critical line loads.
In abstract terms, we assume that a flow-control bus is able to flexibly distribute the entire power flow at this bus among the incident edges, as long as Kirchhoff's current law (or the flow-conservation property) is satisfied, i.e., the inflow to the bus equals its out-flow. These flow control buses can be realized using power electronics devices known as flexible AC transmission systems (FACTS), which are a class of power systems that have the capabilities to control various electrical bus parameters [11] . More specifically, since we are interested in controlling the real power flow on the branches incident to a particular bus, we can realize our flow control buses by installing on each (but one) incident branch a unified power flow controller (UPFC), which is a FACTS that is able to control the voltage magnitude and angle and consequently has control of the real and reactive power flow on the particular branch [15] .
One of the most important tasks in operating a power grid is to decide the energy production of each power generator such that supply and consumption are balanced and the resulting power flow does not exceed the thermal limits of the power lines. Among all solutions we are interested in one that minimizes the total cost of energy production and transmission. This is called Economic Dispatch Problem (EDP). The main approach for solving this problem in power grids without FACTS is the optimal power flow (OPF) method, a numerical method that was introduced in 1962 by Carpentier [4] and has subsequently been refined and generalized, see the recent surveys by Frank et al. [6, 7] . However, OPF is not designed for hybrid power grids with flow control buses and cannot exploit the extended flow control possibilities to improve solutions.
Hence, we propose in Section 3 a new hybrid DC-based model for power flows in power grids that combine traditional grid buses with some flow control buses. In order to answer our questions on the effects of installing flow control buses, we solve the EDP in our hybrid model using a linear programming (LP) formulation. Our LP combines a standard graph-theoretical network flow model, which already includes Kirchhoff's current law at all buses, with additional constraints for Kirchhoff's voltage law in those parts of the grid that are not equipped with flow control buses. Thus we are able to obtain electrically feasible power flows that minimize, similarly to OPF, the overall flow costs in terms of generation and transmission costs.
Using the well-known IEEE power systems test cases, we performed simulation experiments related to two key questions, which take into account that the FACTS needed for realizing our flow control buses in reality constitute a significant and expensive investment and hence their number should be as small as possible.
1. How many flow control buses are necessary to obtain globally optimal power flows and which buses need to be controlled? 2. If the number of available flow control buses is given, do we still see a positive effect on the flow costs and on the operability of the grid when approaching its capacity limits? In Section 4 we address the first question. In our experiments we determine the minimum number of flow control buses necessary to achieve the same solution quality as in a power grid in which each bus is controllable and which clearly provides an upper bound on what can be achieved with the network topology. Interestingly, it turns out that a relatively small number of flow control buses are sufficient for this. In fact, we can prove a theorem stating a structural graph-theoretic property, which, if met by the placement of flow control buses, implies the optimality of the power flow and serves as a theoretical explanation of the observed behavior. Section 5 deals with the second question of operating a power grid close to its capacity limits, which becomes increasingly relevant as the consumption of electrical energy grows faster than the grid capacities. Our experiments indicate that installing few flow control buses in a power grid is sufficient not only to achieve lower costs compared to an OPF solution, but also allows to operate the grid at capacities for which no feasible OPF solution exists any more.
Due to space restrictions we refer to the full paper [13] for omitted details.
RELATED WORK
With the increasing availability and technological advancement of FACTS researchers began to study the possible ben-efits of their installation in power grids from different perspectives.
From an economic perspective, it is of interest to support investment decisions in power grid expansion planning by considering alternative investment strategies that either focus on new transmission lines or allow mixed approaches including FACTS placement [2, 19] .
From the perspective of operating a power grid, the main question is how many and where FACTS should be placed in order to optimize a certain criterion, where Cai et al. [3] and Gerbex et al. [8] evaluate a genetic algorithm, and Ongsakul and Jirapong [16] use evolutionary programming. In contrast to these heuristic approaches Lima et al. [14] use mixedinteger linear programming to optimally increase the loadability of a system by placing FACTS subject to limits on their number or cost. Similar to our approach, they do not distinguish different types of FACTS but rather assume "ideal" FACTS that can control all transmission parameters of a branch. In contrast to our work, they focus only on loadability and do not consider generation costs and line losses.
All related work mentioned so far considers the DC model for electrical networks as an approximation to the AC model and aims at providing a preliminary step in an actual planning process, where this approximation is sufficient. There are also a few attempts to solve the placement problem for FACTS in the more realistic but also more complicated AC model. Sharma et al. [18] develop an evaluation whether transmission lines are critical and propose to place FACTS at critical lines in order to improve voltage stability in the grid. Ippolito and Siano [12] present a genetic algorithm for FACTS placement in AC networks and experimentally evaluate it in a case study. In contrast to these heuristic approaches, Farivar and Low [5] consider exact OPF evaluation in a relaxed AC-model. In this context, they place phase shifters to exploit structural characteristics that are similar to our approach.
MODEL
In this section we introduce three graph-theoretic flow models for optimal power flows. Our models are based on the DC power grid model [21] , which is commonly used as an approximation of AC grids [17] . We model a power grid as a graph G = (V, E), where V is the set of vertices and E ⊆ V 2 is the set of edges. The vertices represent the buses, some of which may be generator and consumer buses, and the edges represent the branches, which may be transmission lines between the incident buses or transformers. By VG ⊆ V we denote the set of generator buses. Each generator g ∈ VG has a maximum supply xg ∈ R + and is equipped with a convex cost function γg > 0 that is assumed to be piecewise linear with
where Fg is the set of all piecewise linear functions of γg and ai ≤ ai+1. Further, by VC ⊆ V \ VG we denote the set of consumer buses. Each consumer u ∈ VC has a power demand du ∈ R.
Each branch e ∈ E has a thermal limit, which is modeled as a capacity function c : E → R restricting the real power. Further, each branch causes a certain loss of power depending on the physical branch parameters and the actual power flow on the branch. These losses are again approximated as a convex, piecewise linear function e for each edge e ∈ E with
where Fe is the set of all piecewise linear functions of e and ai ≤ ai+1.
For every vertex u in G, we define its net out-flow
For a flow f , we further define two types of costs, the generator costs cg(f ) = g∈V G γg(fnet(g)) and the line losses c (f ) = {u,v}∈E {u,v} (|f (u, v)|) . To obtain the overall cost for the flow f , we weight these two terms as
where λ ∈ [0, 1]. Our goal is to minimize this objective function in several different power flow models.
Power Flow Models
The most basic model is the flow model, where f has to satisfy the following constraints.
We call a flow satisfying these constraints feasible. Equation (5) models the thermal limits or real power capacities of all branches and is called capacity constraint. Equation (6) models that vertices that are neither generators nor consumers have zero net out-flow and is called flow conservation constraint. Equation (7) models that all consumer demands are satisfied and is called consumer constraint. Finally, Equation (8) models that all generators respect their production limits and is called generator constraint.
The flow model neglects some physical properties of electrical flows, in particular Kirchhoff's voltage law. Thus, the computed power flows can only be applied to power grids where every vertex is a flow control bus (FCB). In contrast, the electrical flow model, e.g., according to Zimmerman et al. [21] , models the power flow via the same set of constraints as the flow model, but additionally requires the existence of a suitable voltage angle assignment Θ : V → R such that for each branch {u, v} the following equation holds
Here B(u, v) is the susceptance of the branch (u, v). This is equivalent to restricting the model to feasible flows that also satisfy Kirchhoff's voltage law, or, in other words, no FCBs are used. This yields a model that matches the situation in the traditional power grids existing today. We call a feasible flow f electrically feasible if there exists a voltage angle assignment Θ satisfying (9) .
Recall from the introduction that FCBs can be technically realized by UPFCs, which is a FACTS. Ideal FACTS as introduced by Griffin et al. [10] are often used to simplify the modeling of FACTS by using a linear model and assuming a complete and independent control of the real and reactive power. Our FCBs are ideal FACTS that control the power flow to all incident edges. The flow model-in contrast to the electrical model-assumes FCBs at each vertex, whereas the electrical model assumes no immediate control of the power flow. Instead, the grid is balanced by changing the generator outputs only. In the following we propose a hybrid model that combines the flow model and the electrical flow model in order to handle power grids with FCBs at a subset of selected vertices.
Let F ⊆ V be a subset of vertices of G. We denote by GF the power grid obtained from G by considering all vertices in F as FCBs. We call any subgraph G = G[V ] induced by a subset V ⊆ V \ F of the vertices without controllers a native power grid of G. A flow of G is electrically feasible for a native power grid G ⊆ G if there exists a voltage angle assignment Θ : E → R such that every edge in G satisfies Equation (9) . In this case we call Θ feasible (voltage) angle assignment for G .
A feasible flow f is electrically feasible for GF if and only if f is electrically feasible for the maximal native power grid G − F = G[V \ F ]. Intuitively, this models the fact that a power flow in GF must be a feasible flow and that it satisfies the second Kirchhoff law in the maximum native power grid.
Obviously, if F ⊆ F and f is an electrically feasible flow for GF , then f is also electrically feasible for G F . Hence the minimum value of the cost c λ does not increase when adding more FCBs.
We note that each of the models can easily be expressed as a linear program (LP), and thus in all three models an optimal solution can be computed efficiently [1] . However, the flow model can be reduced to a special minimum cost network flow problem, for which efficient exact optimization algorithms exist [9] .
PLACING FLOW CONTROL BUSES
In this section we seek to answer the question of how many FCBs are necessary to obtain a globally optimal solution. Recall that the flow model is a relaxation of the physical model and uses fewer constraints. Therefore, optimal solutions in the flow model are at least as good as in the physical model. Given a power grid G = (V, E), we say that making the vertices in F FCBs achieves full control if the objective value of an optimal power flow for the grid GF is the same as the objective value of an optimal solution in the flow model (or equivalently in the hybrid network GV , where every vertex is an FCB). Our experiments indicate that in the IEEE instances often a small fraction of the vertices is sufficient to achieve full control. Afterwards we give a graph-theoretical explanation of this behavior. 
Experiments
For our evaluation we use the IEEE benchmark data sets 1 shown in Table 1 . There each case is named accordingly to the number of buses nb. The number of generators and the number of edges are denoted by ng and nl, respectively.
To obtain piecewise linear functions for generator costs and line losses, we simply sample the cost functions using a specified number of sampling points. Note further that our approach requires convex cost functions, but this is fine in practice [20] ; in particular the functions are convex for the IEEE benchmark instances.
We performed our experiments on an AMD Opteron processor 6172 running openSUSE 12.2. Our implementation is written in Python 2.7.3 and uses PYPOWER 2 , a Python port of MATPOWER [21] , for computing OPF solutions. For computing solutions and minimizing the number of FCBs in our hybrid model we use the (integer) linear programming solver Gurobi 6.0.0 3 .
First, we observe that the value of λ, which controls the weighting of costs and losses in the objective value has a Figure 1 shows the trade-off for the IEEE instance case30. The OPF solution, which ignores losses, is typically at the far end of the spectrum with high losses and is comparable to our solution with λ = 1. As can be seen in Figure 2 , where the costs and losses are normalized to the maximum cost and the maximum loss per instance, the same trade-off behavior is present in all instances. It thus makes sense to allow the operator of a power grid to choose the value of λ in order to model the true operation costs.
On the other hand, it may then be the case that the number of FCBs to achieve full control of the network varies depending on the choice of λ. Figure 3 shows the relative number of FCBs necessary to achieve full control in each of the instances for different values of λ. In most cases less than 15% of all buses need to be controllers to achieve full control. For the cases with 6 buses and 14 buses this percentage is slightly bigger, which is mainly an artifact stemming from the small total size. As can be seen, the required number of units is relatively stable but drops to zero for λ = 1, i.e., when only the generator costs are considered. This is due to the fact that all IEEE instances have basically unlimited line capacities and thus do not restrict the possible flows. In order to make a useful prediction on the number of vertices required for full control that applies to all choices of λ, in the following we take for each instance the maximum of the smallest possible number of vertices to achieve full control over all values of λ and refer to this as the number of vertices for achieving full control of the instance. This conservative choice ensures that the numbers we compute are certainly an upper bound for achieving full control, independent of the actual choice of λ.
Structure of Optimal Solutions
As we have seen in our experimental evaluation, often a small number of FCBs is sufficient to ensure that solutions in the hybrid model are the same as in the flow model. In the following we provide a theoretical explanation of this property and link it to structural properties of power grids. Farivar and Low [5] give similar structural results on spanning trees, but using a different model.
A first observation is that FCBs influence all incident edges. Thus, if every edge is incident to an FCB, i.e., the set F is a vertex cover of G, no edge in the network is affected by constraint (9) . Then the flow model and the hybrid model are equivalent and full control is achieved. However, it is generally not true that power grids admit small vertex covers; as shown in Figure 4 , all instances require more than 40% of their vertices for a vertex cover. In the following we state (the proofs can be found in [13] ) a much stronger result, namely that it suffices for becoming independent of Equation (9) that the native power grid G − F is an acyclic network, i.e. the set F is a forest feedback set. Moreover, if λ = 1, (line losses are neglected) and edge capacities are ignored, it even suffices that G − F is a so-called cactus graph, in which every edge is part of at most one cycle and F is called cactus feedback set. Let GF be a power grid with FCBs at the vertices in F such that the maximum native power grid G−F is a cactus and every edge of G − F that lies on a cycle has infinite capacity. For any feasible flow f there exists a feasible flow f with identical cost that is electrically feasible for GF .
We can actually give a finite upper bound on the edge capacities for which Theorem 4.2 still holds, see [13] . In Figure 4 , in all cases the number of vertices for full control is between the size of feedback vertex sets with respect to forests and cacti. For the cases 14, 57 and 118, the minimum number of FCBs for achieving full control indeed result in native power grids that form cacti, although they do not necessarily achieve the smallest feedback number due to some influence of line capacities.
GRID OPERATION UNDER INCREAS-ING LOADS
In the previous section we have seen that typically selecting a small fraction of the buses as FCBs suffices to achieve full control in the network. In this section we study what happens when even fewer FCBs are available and whether few FCBs allow a better utilization of the existing infrastructure in the presence of increasing loads. Figure 5 : Operation costs of case57 for OPF and the hybrid model with one and two FCBs with respect to the load factor ρ.
To measure the controllability in the presence of very few FCBs, we simulate a load increase by a factor ρ in the power grid by decreasing all line capacities by the factor 1/ρ. This has the effect that the overall demand remains constant and thus any change of costs is due to flow redirections. It is then expected that, once the load increases, the network without FCBs will require significantly higher operating costs, since the main criterion for determining the generator outputs becomes the overall feasibility of the flow rather than the costefficient generation of the energy. At some point, the load increases to a level where, by means of changing only the generator outputs, a feasible energy flow cannot be found. We compare the operation costs to solutions in power grids with a small number of FCBs. Specifically, our plots show two things. First, they show the operation costs for various small numbers of FCBs and, second, the operation costs and the number of FCBs for achieving full control in the network with respect to the load increase factor ρ.
Of course these operation costs again vary depending on the value of λ. Since most related work ignores line losses, we consider only the case λ = 1, i.e., only generation costs are taken into account. Varying λ changes the objective value, but it does not influence the existence of solutions with a certain number of FCBs. Recall from the plot in Figure 3 that, if the load increase ρ is small, full control can be achieved without FCBs for λ = 1. In the IEEE instances all lines have very large flow capacities, often much larger than even the total demand in the network, e.g., 9900 MW in case14 and case57. To better highlight the interesting parts, similarly to the work by Lima et al. [14] , we first scale all line capacities such that the smallest capacity is equal to the total demand of the consumers as given in Table 1 . This changes neither the existence nor the cost of solutions. We increase the load until the flow model becomes infeasible; at this point a feasible solution cannot be achieved by adding FCBs and adding additional lines to the network becomes unavoidable. Figure 5 shows the results of our experiment for the power grid case57. To improve readability, all costs have been rescaled by the total demand in the network, and thus give the cost per MWh. The black curve labeled 2 shows the operation cost with sufficiently many (here: k = 2) FCBs for full control. In fact, the FCB branchpoints indicate at which values of ρ an additional FCB becomes necessary for achieving full control. Moreover, for each number of FCBs from 1 up to the number required at the point when further load increase makes the instance infeasible, we show the optimal operation costs with this number of FCBs (solid black curves). Finally, the dashed curve shows the operation cost with OPF, i.e., without any FCBs.
As expected, increasing loads result in increasing operation costs. Interestingly, in Figure 5 two FCBs suffice for extending the maximal feasible operation point from 17.27 to 23.09. When using FCBs, the costs start increasing much later and more moderately. Interestingly, the solution with one FCB remains mostly equivalent to the solution with two FCBs until shortly before the end of its feasibility range. This example shows that FCBs indeed extend the feasible operation point and also decrease the corresponding operation costs even if there are only very few controllers available.
CONCLUSION
Assuming the existence of special buses that control the flow on all their incident transmission lines, we have presented a hybrid model for including some flow control buses. In this model, we have shown that relatively few control buses suffice for achieving full control. Further, we scaled the load of the network and showed that even fewer flow control buses improve the loadability and have a lower cost increase compared to OPF.
Our work shows the benefits of augmenting power grids with flow control devices. Using our theoretical model, we were able to explain our empirical observations on controller placement with graph-theoretical means. While this also explains previous observations of Gerbex et al. [8] , the main drawback is that the model is based on several strong, simplifying assumptions.
Future work should consider more realistic power grid models both in terms of the control units, which are placed on transmission lines rather than buses, and using the AC power grid model.
